This paper surveys some recent results and progress on the extremal problems in a given set consisting of all simple connected graphs with the same graphic degree sequence. In particular, we study and characterize the extremal graphs having the maximum (or minimum) values of graph invariants such as (Laplacian, p-Laplacian, signless Laplacian) spectral radius, the first Dirichlet eigenvalue, the Wiener index, the Harary index, the number of subtrees and the chromatic number etc, in given sets with the same tree, unicyclic, graphic degree sequences. Moreover, some conjectures are included.
Introduction
A nonincreasing sequence of nonnegative integers π = (d 0 , d 1 , · · · , d n−1 ) with d 0 ≥ d 1 ≥ · · · ≥ d n−1 is called graphic if there exists a simple graph having π as its vertex degree sequence and such a graph is called a realization of π. Erdös and Gallai [17] characterized all graphic degree sequences. Moreover, Senior [41] and Hakimi [24] characterized all graphic degree sequences with at least a realization being connected. Let π be graphic degree sequence with at least a realization being connected. Denote by G(π) the set of all connected graphs which are realizations of π, i.e.,
G(π) = {G |G is connected and has π as its degree sequence}.
Sierksma and Hoogeveen [42] surveyed seven criteria for a nonnegative integer sequence being graphic. For graphic sequences, Ferrara [19] surveyed recent research progress and new results on graphic sequences and presented a number of approachable open problems. Extremal graph theory is an extremal important branch of graph theory. One is interested in relations among the various graph invariants, such as order, size, connectivity, chromatic number, diameter and eigenvalues, and also in the values of these invariants which ensure that the graph has certain properties. Bollobás published an excellent book [7] and recent survey in [8] . Erdös, Jackson and Lehel in [18] proposed the problem on the possible clique number attained by graphs with the same degree sequence, i.e., determine the smallest integer number M so that each graphic sequence π = (d 0 , · · · , d n−1 ) with d 0 ≥ d 1 ≥ · · · ≥ d n−1 ≥ 1 and n−1 i=0 d i ≥ M has a realization G having given clique number. Li and Yin [32] surveyed extremal graph theory and degree sequences, in particular for the above problem and its variants.
On the other hand, many graphs coming from the real world have power law degree distribution: the number of vertices with degree k is proportional for k −β for some exponent β ≥ 1. Chung and Lu (for example, see [11] , [12] ) proposed the famous Chung-Lu's model: random graphs with given expected degree sequences and studied their properties such as diameters, eigenvalues, the average distance, etc. In this survey, we just focus on some extremal properties of graphs with given degree sequences. Graph invariants such as the spectral radius, the Dirichlet eigenvalues, the Wiener index, the Harary index, the number of subtrees, etc., will be considered. Graphic degree sequences such as tree degree sequences, unicyclic degree sequences etc, will be involved. Moreover, the majorization theorem on two different degree sequences are obtained. Therefore, we may propose the following general problem. Problem 1.3 For a given graphic degree sequence π, let G π = {G | G is connected with π as its degree sequence}.
For some graph invariants, such as spectral radius, the Wiener index, etc, find the maximum (minimum) value of these graph invariants in G π and characterize all extremal graphs which attain these values.
Preliminary
In this section, we introduce some notions and properties. For a graph G = (V, E) with a root v 0 , denote by dist(v, v 0 ) the distance between vertices v and v 0 . Moreover, [61] ) Let G = (V, E) be a graph with root v 0 . A well-ordering ≺ of the vertices is called a breadth-first search ordering (BFS-ordering for short) if the following holds for all vertices u, v ∈ V :
(
We call a graph that has a BFS-ordering of its vertices a BFS-graph.
For example, for a given degree sequence π = (4, 4, 3, 3, 3, 3, 2, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1), T * π is the tree of order 17 (see Fig.1 
Figure 1
It is easy to see that every tree has an ordering such that it satisfies the conditions (1) and (3) by using breadth-first search, but not every tree has a BFS-ordering. For example, the following tree T of order 17 does not have a BFS-ordering with degree sequence π = (4, 4, 3, 3, 3, 3, 2, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1) (see Fig.2 ).
Figure 2
Moreover, it is easy to see [4] that there may be many BFS graphs for a given graphic degree sequence. Another importation notion is majorization. Let x = (x 1 , x 2 , · · · , x p ) and y = (y 1 , y 2 , · · · , y p ) be two nonnegative integers. We arrange the entries of x and y in nonincreasing order x ↓ = (x [1] , · · · x [p] ) and y ↓ = (y [1] 
x is said to weakly majorize y and denoted x ⊲ w y or y ⊳ w x. Further, if y ⊳ w x and
x is said to majorize y and denoted by x ⊲ y or y ⊳ x. For details, the readers are referred to the book of Marshall and Olkin [35] . It is well known that the following result holds (see [17] or [53] ).
′ n−1 ) be two different nonincreasing graphic degree sequences. If π ⊳ π ′ , then there exists a se- 
The spectral radius of L(G) is denoted by µ(G) and called the normal Laplacian spectral radius. In addition, the matrix Q(G) = D(G) + A(G) is called the signless Laplacian matrix of G. The spectral radius of Q(G) is denoted by q(G) and called the signless Laplacian spectra radius. Let g be the unit eigenvector of Q(G) corresponding to eigenvalue q(G) and be called signless Laplacian Perron vector of G. The adjacency, Laplacian, normal Laplacian and signless Laplacian matrices play a key role in spectral graph theory. The book " Spectra of graph" [13] by Cvetković, Doob abd Sachs focuses on the adjacency matrix. The book " Applications of combinatorial matrix theory to Laplacian matrices of graphs" [37] by Molitierno studies many properties of Laplacian matrices. The book " Spectral graph theory" [10] by Chung focuses on normal Laplacian matrix. Moreover, there are several surveys on the topic of signless Lapacian matrices (see [14] and the references therein).
3 Eigenvalues with given tree degree sequences
) is graphic and
, π is called tree degree sequence and denoted by T π the set of all trees having degree sequence π.
For a tree degree sequence 
Now using the induction hypothesis, we construct all vertices in layer t + 1. Put
In this way, we obtain a tree T * π . It is easy to see that T * π has degree sequence π. Moreover, this special tree T * π is called greedy tree with a given tree degree sequence π. In addition, it is easy to show the following assertion holds. [60] ) Given a tree degree sequence π, there exists a unique tree T * π with degree sequence π having a BFS-ordering. In other words, the greedy tree with π is only tree having a BFS-ordering in the set T π . Moreover, any two trees with the same degree sequences and having BFS-ordering are isomorphic.
The (Laplacian, signless Laplacian) spectral radius
Biyikoglu and Leydold [4] characterized all extremal trees having the largest spectral radius in the set T π consisting of all trees with a given degree sequence π. While, Zhang [60] characterized all extremal trees having the largest (signless) Laplacian spectral radius in the set T π consisting of all trees with a given degree sequence π, since the signless Laplacian radius of a tree T is always equal to its the Laplacian spectral radius. It is not a surprise that the two extremal graphs are coincident.
Theorem 3.2 ([4]
, [60] ) For a given tree degree sequence π, the greedy tree T * π is the only tree having the largest spectral radius (resp. signless Laplacian radius) in T π . Moreover, The BFS-ordering of the greedy tree is consistent with the Perron vector f of G in such a way that [60] ) Let π and τ be two different tree degree sequences with the same order. Let T * π and T * τ have the largest spectral radii (resp. Laplacian, signless Laplacian spectral radii) in T π and T τ , respectively. If
With the aid of Theorems 3.2 and 3.3, we may deduce extremal graphs with the largest (resp. signless Laplacian) spectral radius in some class of graphs.
n,s be the set of all trees of order n with s leaves and let T * π be the greedy tree with π = (t, 2, · · · , 2, 1, · · · , 1) (i.e., if n − 1 = sq + t, 0 ≤ t < s, then T * π is obtained from t paths of order q + 2 and s − t paths of order q + 1 by identifying one end of the s paths.).
n,s , with equality if and only if T = T * π .
n,∆ be the set of all trees of order n with the maximum degree ∆ ≥ 3 and let T * π be the greedy tree with π which is defined as follows: Denote p = ⌈log (∆−1)
n,∆ , with equality if and only if T = T * π .
Corollary 3.6 ([59],[60]) Let T (3)
n,α be the set of all trees of order n with the independence number α and let T * π be the greedy tree with π = (α, 2, · · · , 2, 1, · · · , 1) the numbers n − α − 1 of 2 and α of 1.
n,α , with equality if and only if T = T * π .
Corollary 3.7 ( [22] , [60] ) Let T (4) n,β be the set of all trees of order n with the matching number β and T * π be the greedy tree with π = (n − β, 2, · · · , 2, 1, · · · , 1) and the number n − β of 1.
n,β , with equality if and only if T = T * π .
On the minimum (Laplacian, signless Laplacian) spectral radius of with a given tree degree sequence, it seems to be more difficult. The related results are referred to [6] .
The spectral radius of p-Laplacian of weighted trees
Now we turn to consider p-Laplacian eigenvalues of weighted graphs. Let
denote by w G (uv) the weight of an edge uv; if uv / ∈ E(G), define w G (uv) = 0. The weight of a vertex u, denoted by w G (u), is the sum of weights of all edges incident to u in G.
For
where
is the well-known graph Laplacian (see
The function f is called the eigenfunction corresponding to λ. The largest eigenvalue of ∆ p (G), denoted by λ p (G), is called the p-Laplacian spectral radius.
Given a tree degree sequence π and a positive set W , denote by T π,W the set of trees with a given tree degree sequence π and a positive weight set W . Thus the un-weighted greedy tree T * π has a BFS-ordering v 0 ≺ v 2 · · · ≺ v n−1 . Hence the unique weighted greedy tree T * π,W is obtained from the un-weighted greedy tree T *
and T * τ,W be two weighted greedy trees in T π,W and T τ,W respectively. If π ⊳ τ , then
Remark If the positive set W consisting of all 1, Theorems 3.8 and 3.9 become Biyikoglu and Leydold's result [5] . If p = 2, Theorems 3.8 and 3.9 become Tan's result [48] . If the positive set W consisting of all 1 and p = 2, Theorems 3.8 and 3.9 become Zhang' result [60] . In addition, Corollaries 3.4, 3.5, 3.6 and 3.7 can be easily generalized to the weighted trees, respectively. Moreover, the p-adjacency eigenvalue may be similarly defined and Theorems 3.8 and 3.9 can be translated to the p-adjacency eigenvalue.
The Dirichlet eigenvalue of trees with boundary
In this subsection, we consider the Dirichlet eigenvalues of trees with boundary. A graph with boundary G = (V 0 ∪∂V , E 0 ∪∂E) consists of interior vertex set V 0 , boundary vertex set ∂V , interior edge set E 0 that connect interior vertices, and boundary edge set ∂E that join interior vertices with boundary vertices (for example, see [10] or [21] ). Throughout this subsection, we always assume that the degree of any boundary vertex is 1 and the degree of any interior vertex is at least 2.
A real number λ D is called a Dirichlet eigenvalue of G if there exists a function f = 0 such that they satisfy the Dirichlet eigenvalue problem:
The function f is called an eigenfunction corresponding to λ D . Recently, Bıyıkoglu and Leydold [3] proposed the following problem:
Give a characterization of all graphs in a given class C with the Faber-Krahn property, i.e., characterize those graphs in C which have minimal first Dirichlet eigenvalue for a given "volume".
In order to study the above problem, Bıyıkoglu and Leydold [3] extended the concept of an SLO*-ordering for describing the trees with the Faber-Krahn property, which was introduced by Pruss (see [38] ). The notation of an SLO*-ordering may be extended for any connected graphs. 
Clearly, if G is a tree, an SLO*-ordering of G is consistent with the definition of an SLO*-ordering in [3] . Moreover, if there exists a positive integer r such that the number of vertices v with h(v) = i + 1 is not less than the number of vertices v with h(v) = i for i = 1, · · · , r − 1, and h(u) ∈ {r, r + 1} for any boundary vertex u ∈ ∂V , G is called a ball approximation. Given a tree degree sequence π, denote by T π,B the set consisting of all trees with boundary and degree sequence π. Bıyıkoglu and Leydold [3] proved that T π,B contains an SLO*-tree that is uniquely determined up to isomorphism. This special tree in T π,B is denoted by T * π,B .
Theorem 3.12 [3] For a given tree degree sequence π,
with equality if and only if T = T * π,B .
Theorem 3.13 [3] Let π and τ be two different tree degree sequences. If π ⊳ τ , then
.
Chemical indices for tree degree sequences
There are many indices which are used to describe molecules and molecular compounds in chemical graph theory. One of the most widely known topological descriptor is the Wiener index which is named after chemist Wiener [54] who firstly considered it. The Wiener index of a graph G is defined as
Let T = (V, E) be a rooted tree with root r. For each vertex u, let T (u) be the subtree of the rooted tree T induced by u and all its successors in T . In other words, if u is not the root r of tree T and v is the parent of u, then T (u) is the connected component of T obtained from T by deleting the edge uv such that the component does not contain the root r; if u is the root r, then T (u) is the tree T . Let φ T (u) = |T (u)| be the number of vertices in T (u) and denote φ(T ) = (φ T (u), u ∈ V (T )). We prove the following results
Theorem 4.1 [64]
Let T be a rooted tree in T π . Then the following conditions are equivalent:
(1) T has a BFS-ordering;
Further, this result can be used to characterize the trees having the minimum Wiener index among all trees with a given degree sequence. Wang [52] independently proved the same result by a different approach.
Theorem 4.2 ([52]
, [64] ) Given a tree degree sequence π, the greedy tree T * π is a unique tree with the minimum Wiener index in T π . On the other hand, it is natural to investigate the extremal trees which attain the maximum Wiener index among all trees with given degree sequences. But this problem seems to be difficult, since it is discovered that the extremal trees are not unique and depend on the values of components of degree sequences. However, there are some partial results. A caterpillar is a tree with the property that a path remains if all leaves are deleted and this path is called spine. 
Further, Schmuck, Wagner and Wang [40] proposed and studied a new graph invariant which are based on distance. Recently, Schmuck, Wagner and Wang [40] proposed a general graph invariant
for any nonnegative function ψ. Further, they proved the following result.
Theorem 4.7 [40] [51] Let π be a tree degree sequence and ψ(x) be any nonnegative and nondecreasing (resp. nonincreasing) function on x. Then for any tree T ∈ T π ,
Further, if ψ(x) is strictly increasing function, then equality holds if and only if T is the greedy tree T * π .
, then W ψ (T ) is the Harary index. Moreover, it is easy to deduce the following result from [40] and [51] . Theorem 4.8 Let π and τ be two different tree degree sequences with π ⊳ τ . If ψ(x) is any nonnegative and strictly increasing (resp. decreasing) function on x, then
Proof. Let p r (T ) be the number of pairs {u, v} of vertices with d(u, v) ≤ r. By Theorem in [51] , p r (T * π ) ≤ p r (T * τ ) for r = 1, · · · , n with strict inequality for at least one r. Observe that
and
If ψ(x) is nonnegative and strictly increasing, then
Theorem 4.9 [40] Let π be a tree degree sequence and ψ(x) be strictly increasing and convex function on x. If T ♯ π is a tree that maximizes W ψ (T ) among all trees in the set T π , then T ♯ π is a caterpillar.
In order to study total π-electron energy on molecular structure, Gutman and Trinajstić [23] proposed the second Zagreb index, which is defined to be
where d(u) and d(v) are the degrees of vertices u and v, respectively.
Theorem 4.10 [40]
Let π be a tree degree sequence. Then the greedy tree T * π is the only tree having the maximum second zagreb index among all trees in T ∈ T π , i.e., for any tree
with equality if and only if T is the greedy tree T * π .
Let G be a simple graph. Denoted by m(G, k) the number of k−matchings in G and m(G, 0) = 1. The Hosoya index, named after Haruo Hosoya, is defined to be
Denote by i(G, k) the number of k−independent sets in G and i(G, 0) = 1. The Merrifield-Simmons index is defined to be
The energy of graph is defined by the sum of the absolute values of all the eigenvalues of A(G), and denoted by En(G). Andriantiana [1] proved that the greedy tree has minimum energy, Hosoya index and maximum Merrifield-Simmons index.
Theorem 4.11 [1] Let π be a tree degree sequence. Then the greedy tree T * π is the only tree having minimum energy, minimum Hosoya index and maximum MerrifieldSimmons indices, respectively among all trees in T ∈ T π , i.e., for any tree T ∈ T π ,
with any one equality if and only if T is the greedy tree T * π .
Theorem 4.12 [1] Let π and τ be two different tree degree sequences. Then the greedy trees T * π and T * τ are the minimum energy, minimum Hosoya index and maximum Merrifield-Simmons indices in T π and T τ respectively. If π ⊳ τ , then
In addition, there are the following results on the number of subtrees of a tree. 
Unicyclic degree sequences
For a given nonincreasing degree sequence π = (d 0 , d 1 , · · · , d n−1 ) of a unicyclic graph with n ≥ 3, we construct a special unicyclic graph U * π as follows: If d 0 = 2, denote by U * π the cycle of order n. If d 0 ≥ 3, denote by U * π is the graph obtained from a cycle C 3 of order 3 and by breadth-first search ordering, i.e., U * π is BFS graph with the first three vertices, each pair of which is adjacent. Clearly, there exists only one such unicyclic graph U * π for a given unicyclic degree sequence π, which is called the greedy unicyclic graph with a given unicyclic degree sequence π. Then the greedy unicyclic graph U * π is the only unicyclic graph having the largest (signless Laplacian) spectral radius in U π , i.e.,
with one equality if and only if G is the greedy unicyclic graph U * π In order to present the results on the Dirichlet eigenvlaues, we need the following notion. 
with equality if and only if G = U * π,B . In other words, U * π,B is the unique uncyclic graph with the Faber-Krahn property in U π , which can be regarded as ball approximation. 
with equality if and only if G = U * π,B . In other words, U * π,B is the unique graph with the Faber-Krahn property in U π .
Theorem 5.7 [58] For a given positive integer k ≤ n − 3, let U * n,k be unicyclic graph obtained from by identifying one end vertex of a path P n−k−1 and one vertex of a triangle and the other end vertex of P n−k−1 and the center of star K 1,k . Then for any unicyclic graph G of order n with k pendant vertices, λ D (G) ≥ λ D (U * n,k ) with equality if and only if G = U * n,k . In other words, U * is the only unicyclic graph with the Faber-Krahn property in the set U k of all unicyclic graphs of order n with k pendant vertices, which can be regarded a ball.
Graphic degree sequences
In this section, we discuss some extremal properties of G π .
Theorem 6.1 ([4]
, [61] )For a given graphic degree sequence π, if G is a simple connected graph that has the largest (resp. signless Laplacian) spectral radius in G π , then G has a BFS-ordering, i.e., G is a BFS graph.
Moreover, all extremal graphs having the (signless Laplacian) spectral radius for bicyclic (tricyclic) degree sequence have been characterized (see [26] , [28] , [33] ). A graph H is a minor of a graph G if H can be obtained from a subgraph of G by contracting edges. An H minor is a minor isomorphic to H. If H is a complete graph, we say that G contains a clique minor of size |H|. For a graph G, the Hadwiger number h(G) of G is the maximum integer k such that G contains a clique minor of size k. Moreover, denote by χ(G) the chromatic number of G. Let h(π) = max{h(G) : G ∈ G π }, χ(π) = max{χ(G) : G ∈ G π }.
Conjecture 6.4 (Hadwigers Conjecture for Degree Sequences, [39] ) For every graphic degree sequence π, χ(π) ≤ h(π).
Recently, Dvoȓák and Mohar proved a stronger result than the above conjecture.
Theorem 6.5 [16] For every graphic degree sequence π,
where h ′ (G) is the maximum k such that G has a K k -topological minor and χ′(π) = max{h ′ (G) : G ∈ G π }.
